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1. Introduction 

The present paper is intended to elucidate some physical aspects of the K-theoretic 
formulation of D-brane charge. In order to illustrate our general remarks we will apply 
these considerations to the question of classification of D-branes in WZW models. We 
summarize our results in the present introduction. 

1.1. Formulating K-theory using D-instantons 

D-brane charge is classified by K-theory . Many of the arguments for this are some- 
what mathematical, and do not emphasize the physical difference between K-theoretic, as 
opposed to cohomological, classification of D-brane charges. One physical interpretation 
has been given by Witten in terms of brane-antibrane annihilation in || in the framework 
of the Sen conjectures [|J. The present note offers a slightly different (but related) view- 
point on the physical meaning of the K-theoretic classification of D-brane charges. We will 
focus on the following simple question: Suppose spacetime is a product X = 1R x Xg where 
X 9 is a 9-dimensional space, possibly noncompact. What are the possible cycles W C Xg 
which can be wrapped by a D-brane? Broadly speaking, the answer to this question comes 
in two parts 

(A.) The field theory on the D-brane must be consistent. For example, it must be anomaly 
free. This can put restrictions on the possible cycles on which "free D-branes" (i.e. 
D-branes with no other branes ending on them) can wrap. 

(B.) We must identify branes which can be dynamically transformed into one another. 

In the classification of D-brane charges in type II string theory the conditions (A) and 
(B) are implemented as follows: 

(A) A D-brane can wrap W C Xg only if 

W 3 (W) + [H}\ w = in # 3 (W,Z) (1.1) 

Here W^W) is the integral Stiefel- Whitney class0 of TW. In particular, in the DeR- 
ham theory [-£/]dh|vv = 0. A similar condition applies in other string theories. For 

1 The reader will be able to follow the main points of this paper by ignoring this class (and 
ignoring Steenrod squares). We include such torsion classes for completeness. 
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example, in the bosonic string we must impose condition without the ^(W) 
term. 

(B) Branes wrapping homologically nontrivial W can nevertheless be unstable if, for some 
W c X 9 , 

PD(W C W) = W 3 {W) + [H\\w (1.2) 

where the left hand side denotes the Poincare dual of W in W". In other string 
theories, like the bosonic string, the question of stability is more complicated because 
they always include tachyons. It is not always simple to disentangle the instability 
associated with the ordinary tachyon, which is always present, from the instability of 
the brane. 

(We remark parenthetically that in the cohomological classification of D-brane charges 
the principles A, B are implemented as follows. First, free branes can wrap any homolog- 
ically nontrivial cycle in Xg. Second, a brane wrapping a nontrivial cycle is absolutely 
stable. Thus, the homotopy classes of configurations of free branes can be labelled by 
H cpt ^{X 9 ] Z) = H*(X 9 ] Z). ) 

In section two of this paper we will justify conditions (A) and (B). Our point of view 
is not essentially new. Regarding (A), the role of global anomalies has already been thor- 
oughly explained in [|2],|4]J| . Moreover, regarding (B), the phenomenon of brane instability 
was already noted in ||. The novelty, such as it is, of the present note, is that we give a 
more precise description of the mechanism of K-theoretic brane instability. That mecha- 
nism is simply instability due to D-brane instanton effects, and the essential phenomenon 
goes back to Witten's formulation of the baryon vertex in the AdS/CFT correspondence 

In section three we go on to explain how conditions (A) and (5), are related to K- 
theory. The essential point is that imposing conditions ( |1 . 1|) "modulo" conditions ( |1.2j ) 
is closely related to a mathematical algorithm for the computation of i^-theory known as 
the "Atiyah-Hirzebruch spectral sequence," (AHSS) including the AHSS in the presence 
of non-torsion if-fields. We therefore clarify the relation of the AHSS to physics. 

To be more precise, the rules (A) modulo (B) are related to the computation of the 
AHSS at the third differential. It is important to stress, however, that the AHSS only gives 
an "approximation" to K-theory since it is predicated on a filtration and one must then 
solve an extension problem. Moreover, while the rules " (|1.1|) modulo ( |1.2j ) " are related to 
the cohomology of the third AHSS differential, they are on the one hand stronger, and on 
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the other hand, do not involve the use of higher differentials. Conjecturally, a systematic 
implementation of the rules (A) modulo (B), including the possibility of branes within 
branes, is a complete formulation of K- homo logy The results of section 4 provide some 
evidence for this conjecture. 

Our improved understanding of the physical basis for the AHSS clarifies the physical 
basis for using the mathematical group Kjj(X) for the classification of D-brane charges 
in the presence of a cohomologically nontrivial if-field. While it is perhaps well-accepted 
that K* H (X) classifies D-brane charges when H is nontorsion it is worth understanding 
the physical basis of this claim more thoroughly. In his original proposal |§ Witten gave 
an argument which only applied to the case when [H] is a torsion class. A more direct 
argument was given by Kapustin ||, developing the ideas of Unfortunately, Kapustin's 
method again only applies for [H] torsion. It would be extremely interesting to formulate 
a direct generalization of his argument to the nontorsion case but this appears to be 
nontrivial. In |J P. Bouwknegt and V. Mathai pointed out that the mathematical theory 
of Kff(X) makes perfectly good sense when H is nontorsion and moreover has a natural 
formulation in terms of C* algebras. (For further useful discussion along these lines we 
recommend the paper of Mathai and Singer [JlQf . See also [fTI| .) While these discussions 



fit in well with our current understanding of D-branes, as discussed in [12,13], they do not 
demonstrate the physical relevance of Kjj(X). 

By giving a clearer physical foundation for the AHSS for nontorsion if-fields we are 
giving further support to the general claim that K^(X) is the correct D-brane charge 
group. In fact, our clarification of the physical basis of K^(X) leads to some insights into 
the limitations of this group as a group of brane charges. In a companion paper [|14| we 
will examine critically the physical meaning of K^(X) in the larger context of M-theory. 

Finally, we would like to clarify our use of the term "instanton." The D-branes fall into 
superselection sectors which are labeled by their charges. The configurations which we refer 
to as instantons represent transitions between different such sectors, and therefore they 
identify them. Consider a transition from a brane configuration Ai to a brane configuration 
Af. It is achieved by an interpolation A(t) with the boundary conditions A(ti) = Ai and 
A(tf) = Af. We refer to the interpolation A(t) as an instanton. It is also a D-brane in 
space Xg. 

Our discussion depends only on the topology of Xg and of the various branes A and 
A(t) and not on their detailed geometry. If more information about the dynamics is given, 
then the D-branes A should be stationary solution of the equations of motion, and A(t) 
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must satisfy the time dependent equations of motion where the parameter t is interpreted as 
the time. Then an important distinction should be made between two situations regarding 
the interpolation A(t): 

1. When the transition between A\ and Af is a classically allowed transition the inter- 
polation A(t) should satisfy the equations of motion with Lorentzian signature time. 

2. When the transition between Ai and Af involves tunneling and is not allowed classi- 
cally A(t) should satisfy the equations of motion with Euclidean signature time t. 
The traditional use of the term "instanton" is only for tunneling transitions but we 

will use the term for every interpolation. 

1.2. Applications to D-branes in WZW models 

WZW models are the preeminant example of string backgrounds with coho mo logically 
nontrivial nontorsion if-flux. Moreover, they are solvable conformal field theories. They 
are therefore very natural examples in which to study ideas of the connection between 
D-branes and K-theory. In section 4 we use the description of allowed brane wrappings 
("rule A modulo rule B n ) to compute K* H (SU(2)) and K* H (SU(3)). While K* H (SU(2)) 
is well-known, the result for SU(3) is new. We discuss in detail some of the necessary 
topology of SU(3) in order to establish the result. 

We then proceed to interpret the SU(3) classes in terms of D-branes. In order to do 
this we review (and slightly extend) the beautiful theory of D-branes in group manifolds 
which has been developed by several authors over the past few years. This we do in sections 
five and six. 

In section 7 we introduce a new set of D-branes in the WZW theory which we call 
"parafermionic branes." The discussion here is a programmatic description of an extension 
of the ideas of ||15|| . Much work remains to be done. 

In section 8 we compare the CFT results on D-branes with those of K-theory. In 
particular, we describe a recent result of M. Hopkins computing K^(SU(N)) for all N. 
The result of Hopkins fits in very naturally and beautifully with the physical picture of 
D-branes in WZW theory, although the detailed CFT construction of a set of D-branes 
producing the full set of K-theory charges remains to be done. 
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2. Physical justification of conditions (A) and (B) 



The condition (A) is well-known. In the DeRham theory it simply comes about since 
the -ff-field must be trivialized on the D-brane by the equations of motion H\yy = d{F J r B) 1 
and hence [i?]|w = 0. At the level of integral cohomology the condition (|1 . 1| ) follows from 
the cancellation of global anomalies for fundamental open strings ending on the D-brane, 
as shown in 

To explain (B), suppose there is a cycle W C Xg on which 



As we have just explained, we cannot wrap a D-brane on W'. Let us do so anyway, with 
a D-brane instanton . 

We can then cancel the global anomalies on the D-brane worldvolume W by adding 
a magnetic source for FonWc W such that 



The proof will be given presently. A D-brane ending on W provides just such a magnetic 
source. Therefore, we arrive at the following picture: A brane wrapping a spatial cycle 
W propagates in time, and terminates on a D-instanton wrapping W'. This means the 
brane wrapping the spatial cycle W can be unstable, and decays due to D-brane instantons 
wrapping W'. This is illustrated in figure 1. 

One should note that condition (B) only means the brane wrapping W might decay. 
The brane wrapping W could be carrying other conserved charges that prevent decay to 
the vacuum. This is related to the fact that we are only answering the question of which 
cycles can be wrapped, and not addressing the full question of which branes within branes 
are allowed. The latter question is indeed answered by K-theory, and could be analyzed 
by systematic use of the above viewpoint. 



W 3 (W) + [H]\ w > t^O. 



(2.1) 



PD(W C W) = W Z {W) + [H]\ w ,. 



(2.2) 
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Fig. 1: A D-brane instanton wraps W' which does not satisfy (|1.1[ ). Another 
D-brane world volume terminating on a cycle W C W satisfying ( |1.2| ) is unstable 
(provided it carries no other D-brane charges), and decays to the vacuum. 



Let us now indicate why ( |2.2|) really does cancel the anomalies. (See || for a more 
complete discussion.) In the DeRham theory this is easy, since by definition of a magnetic 
source dF = 2nPD(W C W"). To extend the argument to the integral condition we 
proceed as followsi. For simplicity we put H = 0, but allow W^W) to be nonzero. 

Suppose a D-brane instanton wraps W' with W^W') nonzero. Suppose another D- 
brane wraps W x R + and terminates on W'. 

We claim that in this situation we cancel the Freed- Witten anomaly if PD(W — > 
W') = Ws(W'). Recall that the Freed- Witten anomaly is based on the sign ambiguity in 
the definition of the of the path integral for worldsheet fermions. We thus consider a family 
of open string worldsheets St, < t < 1, ending on W', where So = Si. The boundaries 
of these worldsheets dSt sweep out a 2-cycle £2 = dS C W", where £ denotes the total 
space of the family. As shown in |4]] , the holonomy of the fermion determinants around S 1 
is a sign 

exp[i7t(w 2 {W'), [£ 2 ]>]. (2.3) 

Freed and Witten then extend the condition to require that this factor be unity for any 
2-cycle £2 C W. To proceed we will assume, again for simplicity, that the anomaly is 
due to a 2-cycle £2 with 2£2 = dD% for some chain D3 C W. We can learn about £2 by 
reviewing the definition of the mod- two Bockstein map relating W2 and W3. Recall that 
we begin by lifting W2 to an integral cochain W2 such that 

(w 2 ,C 2 } = (w 2 ,C 2 }mod2 (2.4) 
2 The reader uninterested in torsion should skip the remainder of this section. 
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for any 2-chain C 2 . Now (v)2, £2) is an integer. If 2C*2 = dD 3 we can now say: 

2{w 2 , C 2 ) = (<ta 2 , £> 3 ) = 2(W 3 , D 3 ) (2.5) 

by definition of the Bockstein, and, this being an equation of integers, we can divide by 2 
to get 

(w 2 ,C 2 ) = (W 3 ,D 3 )mod2 (2.6) 

Now let us apply this to our cycle £2. Note that {W 3 ,D 3 ) is the oriented intersection 
number of D 3 with PD(W 3 ). So we see that an anomaly will appear when there is a cycle 
£2 that links the worldvolume W of the terminating D-brane. In the presence of a magnetic 
source there is an extra term in the path integral, morally of the form exp[z J dS ^ A], where 
St is the open string worldsheet. This extra factor cancels the ambiguity in the fermion 
determinant since 

/ F/2tt = 1^ / F/2tt = 1/2 (2.7) 

JdD 3 Jt, 2 

and hence the magentic source along W leads to a factor exp[i F] = —1, cancelling the 
ambiguous sign in the fermion determinant. 

2.1. Examples 

In this section we illustrate the above discussion with a few examples. 

Consider first the case of DO brane number in a spacetime with no torsion: The 
worldvolume of N .DO's defines a 0-cycle Wo which is Poincare dual to Nx 9 where xg 
generates Hg(X; Z) = Z. i Naturally enough, we identify iV with the 0-brane number in 
the approximation H°^f = K 1 . However if £3 is any 3-cycle in spacetime on which J Ss H = 
k, say, then we can consider a D2 instanton wrapping £3. This instanton will violate DO 
charge since k worldlines of -DO branes must end on £ 3 . The reason is that these end on 
monopoles (=2+1 dimensional instantons) for the U(l) fieldstrength of the D2 brane so if 
k worldlines of DO's end on a D2 at positions Xi G £3 then dF = 2tt^2^ =1 5 3 (x — Xi). In 
terms of cohomology we are identifying 

Nx 9 ~ Nx 9 + H APD(£ 3 ) (2.8) 

and since L, H = k we know that 

HAPD(E 3 ) = kx 9 (2.9) 
3 We assume X is connected. It is necessarily oriented. 
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so that we have an identification N ~ N + k. Consequently, -DO brane number is only 
defined modulo /c, and the charge group has (at least) /c-torsion. 

The same phenomenon shows that other D-instantons induce /c-torsion for other 
charges. For example, a D2 brane wrapping £\ n i w ii where W{ form a basis of H2(X, Z), 
has a Poincare dual 7- form = riiuj\. Now we should worry about DA instantons wrap- 
ping various five cycles. For example, D4 instantons wrapping £5 = aiWi) x S3 lead to 
the identification ~ rii + kai. The reason is the same as before: A D4 instanton wrapping 
the 5-manifold £5 violates the rule [H] = 0. To account for the trivialization dT = dF + H 
we must have .D2-brane worldvolumes ending on the homology class ki^aiWi) in S5. 

As an example with torsion in H* pt (X, Z), and to make contact with || let us consider 
a simple example with H = 0. Suppose that c = Sq 3 (co) for some cq G H 3 (X, Z). Then c 
is Sq 3 closed, and hence corresponds to some K-theory class. Nevertheless, it is also Sq 3 - 
exact, and hence its K-theory lift is zero. Since its K-theory charge vanishes we expect 
a brane with PD(c) = W to decay. Physically, PD(c) = Q3 is the homology class of a 
spatial section of a D3-brane, while PD(cq) = Qq is the homology class of a cycle which 
will be wrapped by a D5-brane instanton. Since £g 3 (co) is nonzero, Qq is not Spin c . As 
we have explained, we can cancel the global anomalies by allowing the worldvolume Q3 of 
the D3 brane to end on Qq, provided PD(Qs > Qq) = W^{Qq,). 

3. Relation of conditions (A) and (B) to K-theory 

In this section we will argue that conditions (A) and (B) are in fact conditions of 
iiT-theory. We will show this by demonstrating that (A) and (B) are refinements of the 
procedure of taking <i3-cohomology in the AHSS for K^(X). 

3.1. Review: The mathematical Formulation of the AHSS 

Let us briefly review the AHSS. (For further background see 0.) 

A iiT-theory class x in K*(X) determines a system of integral cohomology classes. If 
x G K°(X) these are the Chern classes Ci(x) G H 2l (X, Z). If x G K 1 (X) there are classes 
&2i+i G H 2l+1 (X, Z) related to Chern-Simons invariants. 

Conversely, given such a system of cohomology classes we may ask whether it came 
from a K-theory class. The answer, in general, is "no." The AHSS is a successive approx- 
imation scheme for computing the necessary relations on the classes. This amounts to the 
following algorithm: 
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a. ) In the first approximation 

K°(X) ~ El v ™(X) := ®j even W(X, Z) 

(3.1) 

K\X) ~ £° dd (X) := odd i^'(X, Z) 

b. ) Then, for a certain differential!!, <i 3 : H^(X, Z) — > £P +3 (X; Z), we compute 

E J 3 (X) := ker d 3 \ H j /lmd 3 \w -s. (3.2) 

and set E^ ven = Q)j e venE^(X), etc. to obtain the first correction: 

K°(X) ~ Et ven (X) := (Ker d 3 1 h«v» ) / (tn d 3 | H odd) 

(3.3) 

K 1 (X) ~ £ 3 dd (X) := (Ker d 3 1 ff odd ) / (im d 3 | H ovc„) 

c. ) Then, for a certain differential, d$ : E^(X, Z) — > E^ +5 (X; Z), we compute 

Ei{X):=\sErd 5 \ E i/1md 5 \ E i-s (3.4) 

to obtain the next approximation, and so on. 

d. ) One keeps computing cohomology in this way to get E^X). (The procedure is 
guaranteed to stop after a finite number of steps if X is finite dimensional). The main 
theorem states that the "associated graded group" Gr(K) is given by 

Gr(K° H (X)) = ® J E%(X) 

Gr(K 1 H (X)) = ® j E 2 J > +\X) 3,5 

We will explain the notation Gr(K) presently. In "good cases" we can identify Gr(K) = K. 
See remarks below for the meaning of "good." The AHSS is useful because it is a clearly 
defined computational algorithm, but it does have some drawbacks. 

The first drawback is that one plainly needs to have a useful expression for the dif- 
ferentials (^3,^5,.... i A simple expression for the differential <i 3 is known. In ordinary 



K-theory it was identified in pTfl as <i 3 = Sq . In [18] it was identified for twisted i^-theory 



The word "differential" means (cfo) 2 = 
5 The initial term of the spectral sequence is C* (X , h* (pt)) , for any generalized cohomology 
theory h* . Thus, following the general procedure in [ |i~6f chapter XV, one could in principle extract 
the higher differentials. This appears to be extremely difficult in practice. 
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as ds = Sq 3 + H, in the context of C* -algebra theory. This formula was rediscovered in 
@,|19[. Note that in the DeRham theory we obtain the simple expression 



d 3 (u) = [H] A u (3.6) 

Not much is known about the higher differentials in general. There are scattered results 
for H = 0, and it appears that nothing further is known for H nonzero. Fortunately, on 
compact spin 10-folds at H = the higher differentials are not needed @. 

A second drawback is that in general the AHSS only gives an "approximation" to 
Kjj^X), in the following sense. Suppose we have a cell-decomposition, or simplicial de- 
composition Xo C X\ C ■•■ C X n . Then we define K^(X) to be the classes which 
become trivial upon restriction to X p . Obviously K* p+1 ^(X) C KfJX). The AHSS really 
computes the "associated graded space" which is, by definition 

Gr(K° H (X)) = ® P K° HM (X)/K° Ht{p+1) (X) 
GriKhiX)) = @ P K^ {p) {X)/K^ [p+l) {X) 



In passing from (|3.7|) to the full X-theory group one needs to solve an extension problem to 



obtain the correct torsion subgroup. Fortunately, in many cases of interest the extension 
problem is either not too severe or even absent. However, there are important examples, 
such as compact Lie groups of rank greater than two, and homogeneous spaces, where this 
complication can be significant. In the physical context, the extension problem can be 



quite important in the presence of orientifolds. See |20[ for a very interesting discussion of 
this point. 

3.2. Physical interpretation of the AHSS 

In this section we will explain the relation between taking d% cohomology in the AHSS 
and imposing the conditions (A) modulo (B). 

Recall we are working on spacetimes of the form 1R x Xg. Consider a brane wrapping 
a p- manifold W C Xg. One may associate to W several topological classes. First and most 
obviously, W has an associated homology cycle Q(W) G H p (Xg, Z). Since Xg is oriented 
there is a Poincare dual integral cohomology class r](W) G H^~ t p (Xg, Z). Moreover, the 
brane wrapping W has gauge fields and consequently the D-brane charge is really associated 
with a class in the X-theory of Xg. The homology class Q can be extracted from the K- 
theory class, since Q represents the "support" of the K-theory class. In physical terms, 
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if the D-brane is realized by tachyon condensation ||, the support is the locus where the 
tachyon field vanishes. We can then obtain a cohomology class from r\ = PD(Q). More 
generally, to a collection (ui, U3, . . . , tog) we associated a collection of branes by taking 
Poincare duals to obtain a collection of spatial cycles (PD(u>i), . . . , PD(ug)) around which 
D8, DQ, . . . , DO-branes are wrapped. 

The interpretation of the kernel of ds is known from |J: A necessary condition for a 
cohomology class u> G H 3 t (Xg\Z) to survive to is that d^{u) = (Sq 3 + = 0. 

Clearly this is implied by the anomaly cancellation condition ( |1 . 1| ) ■ We therefore interpret 
ds(uj) = as a (partial) requirement of global anomaly cancellation. In fact, it is weaker 
than (pi). 

A natural question! now arises: How should we interpret the quotient in ( |3.2|) by the 
image of d^l That is, what is the physics of the identification u> ~ u + (Sq 3 + HU)u' in 
£3 where ui' is a class of degree (j — 3) ? From the discussion in section 2 it is clear that 
the physical interpretation is that this accounts for charge violation due to .D-instanton 
effects. Again, dividing by the image of 0I3 is weaker than the full condition (|1 . 2|) . 



Remark We conclude with one remark. In the AHSS discussion we need to choose 
a filtration of K(X) (from a cell decomposition) and we also need the higher differentials. 
On the other hand, in the physical discussion we didn't make any use of nitrations, nor of 
higher differentials. It would be nice to clarify the relation between these two procedures. 
Indeed, one could probably deduce what the differential d$ must be by careful examination 
of conditions (A) and (B). In this connection it is worth noting that iiT-theory is not easily 
described by the cohomology of a natural functor from the category of topological spaces 
to chain complexes. 



4. Application to WZW models: Computing K* H (SU{2)) and K^(SU(3)) 

Conformal field theories based on WZW models can be used to construct vacua of 
type II string theory. The simplest examples involve a free time coordinate, a level k WZW 
model of G = SU{2), 5*7(3), or SO{4), and other fields. The restriction to SU{2), 5*7(3) 
or SO (4) comes from the requirement that the total contribution to c from the spatial part 
of the conformal field theory must be at most nine. Other groups can be used in a similar 
way provided their rank is less than nine and their level k is not too large. Actually, a 

6 This question first came up in a discussion with R. Dijkgraaf, July 1999. 
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slight extension of this framework allows us to use all possible groups with all values of 
k. The point is that if the dilaton varies linearly in time, its contribution to c is less than 
one. Allowing such behavior of the dilaton, there is no restriction on c of the spatial part 
of the theory and all groups can be used. 

Let us examine the D-branes in SU(2) and SU(3) in more detail. 

4.1. SU{2) 

In the level k SU(2) WZW model we have [H] = kx^ where X3 is an integral generator 
of H 3 (SU(2);Z) = Z. The computation of K* H {SU{2)) from the AHSS is completely 



straightforward and yields ZjkZ. (See ||10|| for the computation in the C* algebra context.) 
This is easily understood in terms of the general discussion of section 2: The DO brane 
charge is violated by the D2 instantons. 

This result is, of course, very closely related to results discussed in the extensive 
literature on branes in WZW models We will comment on some relations to the 

literature in section 5 below. 

The group SU (2) is not sufficiently complicated topologically to illustrate some im- 
portant issues in the classification of D-branes in WZW models. Some very interesting 
novelties already arise when we try to extend the discussion to the case of the level k 
SU (3) WZW model. In the next two sections we will discuss the relation of D-branes to 
K-theory for the SU(3) model. 

4-2. Branes in SU(3): Some topological preliminaries 

In this section we summarize some topological facts which will be useful in under- 
standing the charge groups for D-branes in SU(3) WZW models. 

It is well-known that SU(n) is a twisted product of odd spheres. Rationally, it has 
the homotopy type of S 3 x S 5 x • ■ ■ x S 2 ™ -1 . Its integral cohomology is an exterior algebra 

H*(SU(n);Z) = A z [x 3 , x 5 ,..., x 2n - 1 ] (4.1) 

where A^[w 5 , . . . , u^jv-i] is an exterior algebra on generators Wf. 

A z [w 5 , w 2 n-i] = Z © Zw 5 © Zw 7 © Zw 9 © Zw tl © Zw 5 w 7 © • • • (4.2) 

and, in particular, has no torsion. (In DeRham theory the Xi may be represented by 
suitably normalized Maurer-Cartan forms.) It might therefore come as a surprise that 
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torsion in the cohomology of SU{n) (with other coefficient groups) is of central importance 
in understanding the geometry of WZW branes. The basic phenomenon can be understood 
in fairly elementary terms as follows. 

Let us find smooth submanifolds of SU (3) representing the Poincare duals of X3 and 
X5. The Poincare dual to £5 is easily written down: it is an embedded SU{2) subgroup of 
minimal Dynkin index. For definiteness, we will take it to be 
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9 e SU(2) (4.3) 



This is a copy of S 3 and also represents a generator of tts(SU(3)) and of (S'C/ (3), Z). 

The PD to X3 is much more subtle. A nice representative is given by the submanifold 
M5 C SU(3) of symmetric SU(3) matrices. Let us make a few comments on this space. 

First, M5 intersects generic perturbations of the above SU{2) subgroup in a single 
point. For example, if we take 




as the representative of the generator of H3, where c 2 + s 2 = 1 and s is nonzero, and 
g G SU(2), then the intersection with M5 is readily seen to be the point 




Since M5 intersects a copy of S 3 in a single point we conclude that it is a generator of 
H 5 (SU(3);Z). 

Next, M 5 is homeomorphic to the homogeneous space SU(3)/ SO(3) since (as one can 
show with a little bit of linear algebra) every symmetric SU(3) matrix can be written in 
the form gg tr for some g G SU(3). Thus, M5 is a submanifold of SU (3) but can also be 
regarded as a quotient of SU(3). 



7 First prove the analogous statement for SU{2). Next, suppose g is symmetric. It can be 
diagonalized g = uDu^ 1 . We get (u tr u)D = D(u tr u). If the eigenvalues of D are distinct 
(u tr u) = d is diagonal and we take go = udr x ^ 2 D^ 1 ^ 2 . If two eigenvalues coincide we are reduced 
to the SU (2) case already considered. 4k 
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From the long exact sequence for fibrations we now get the exact sequence 

► iCi{SU(3)) - tt^Ms) - 7r<_i(50(3)) - Tr^O^)) - • • • (4.4) 

This shows that M5 is simply connected, hence orientable, so H (M§, Z) = H 5 (M$, Z) = 
Z, while H 4l {M^,,Z) = Hi(M$, Z) = 0. This leaves unknown the middle cohomology 
groups. With a little more work one can deduce H 2 ,H 3 from Q4.4Q but an alternative 
argument, more useful for our purposes, can be given as follows. 

We begin by noting that, over the reals, one can represent £3 by the Maurer-Cartan 
form xs = 24 1 7i . a Tr3((7~ 1 dg) 3 , and this form vanishes identically on M5 as a differential form. 
To prove this note that X3 is left invariant and M5 is an homogeneous space. Evaluation 
at 1 involves the trace of the commutator of two symmetric matrices against a third 
symmetric matrix, and hence vanishes. This fact suggests that H 3 (M$, R) = 0, as indeed 
follows from the Thorn isomorphism theorem. Therefore H2(Ms,R) and H^{M^,R) are 
zero. Nevertheless, H2(M$, Z) is nonzero as the following simple argument demonstrates. 
Consider a cycle £2 i n ^5 gotten by taking the intersection 

E 2 := SU(2)f]M 5 (4.5) 

where SU (2) is the subgroup (|4.3|) defined above. One readily checks that £2 is the set of 
matrices 

e^cosd isin# 0\ 
zsin# e-^cosd (4.6) 
1/ 

and is hence a 2-sphere. This 2-sphere divides the SU (2) subgroup of SU (3) into hemi- 
spheres D + U D_. By symmetry f D+ X3 = J D X3 = 1/2. We may now conclude that £2 
defines a nontrivial homology class in M5 . For, if not, we would fill it in with a 3-chain 
C M5 on which X3 vanishes. But then £3 = D+ U W3 would be a three cycle in 
SU(3) with J Es X3 = 1/2, but that is impossible for an integral class. This suggests that 
if 2 (M 5 , Z) = Z 2 , as is indeed the case. 

Using a little more technology (e.g. the Leray spectral sequence) one obtains the full 
cohomology groups of M5: 



H°(M 5: Z) 


= Z 


H\M^Z) 


= 


H 2 (M 5 ,Z) 


= 


H 3 (M 5l Z) 


= z 2 


H 4 (M 5 ,Z) 


= 


H 5 (M 5 ,Z) 


= z 



(4.7) 
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By the universal coefficient theorems the cohomology with mod two coefficients is 

H°(M 5 ,Z 2 ) = Z 2 
H 1 (M 5 ,Z 2 ) = 
H\M 5 ,Z 2 ) = Z 2 

(4.8) 

H S (M 5 ,Z 2 ) = Z 2 
H\M 5 ,Z 2 ) = 
H 5 (M 5 ,Z 2 ) = Z 2 

Now we come to a crucial point: The submanifold M5 is not Spin c \ We will now show 
this by establishing the equivalent statement that a certain characteristic class, W^{M^) G 
H 3 (M$; Z) is nonzero. In fact, we will show that W^{M^) = (xs)\m b 7^ 0. (The remainder 
of this section assumes some knowledge of Steenrod squares. See ||, section 4.1 for relevant 
background.) 

While the integral Steenrod operation Sq 3 vanishes identically acting on the integral 
cohomology of 577(3), the mod-two operation Sq 2 does not, and indeed 

Sq 2 (r 2 (x 3 ))=r 2 (x 5 ) (4.9) 

where r 2 is reduction modulo two. i It follows at once that Q = PD(xs) is not Spin 
since, by definition, Sq 2 (a) = a U 7T*(w 2 (M)) where ir : Af — > Q is the normal bundle in 
SU(3). Moreover, M5 is embedded in a spin (indeed, in a parallelizable) manifold so we 
can identify Wi(Af) = Wi(M 5 ). Next, note that w 2 (M 5 ) e H 2 (M 5 ; Z 2 ) is nonzero, and yet 
H 2 {M^; Z) = 0, so w 2 does not have an integral lift and hence Ws(Ms) is nonzero. In order 
to see the relation of X3 and W% we combine the Wu formula Sq 2 {r 2 {x^)) = w 2 U r 2 (xs) 
with ((OJ), and use the fact that x$\q generates H 5 , to conclude that (xs)\m 5 is nonzero. 
Now, the Euler class of Q = PD(xs) is represented by xs\q, by Poincare duality. On 
the other hand, the Euler class of a real rank three oriented vector bundle is given by 
W 3 (Af) = W 3 (M 5 ). 

In conclusion Ws(M 5 ) = X2,\m 5 is nonzero, and indeed generates i7 3 (M 5 , Z). 

8 This equation is related by transgression to the equation Sq 2 (^(02)) = ^2(03) in the coho- 
mology of BSU(n), a relation which also played an important role in §. 
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4-3. Branes in 577(3): Atiyah-Hirzebruch spectral sequence 

Let us now describe what information on (577(3)) for H = kxs can be gleaned 
from the AHSS. i Since Sq 3 vanishes the differential is d%(u) = kx^Uu) = HUuj. Therefore 

E{ = (ker d 3 : H j -> H J+S ) /(Im d 3 : i7 J " 3 -> iF) (4.10) 

is given by 

T^r 3 = x 3 z/k X3 z = z fc 

=8 

TT'g = xsx^Z/kxs A x^Z = Zk 

contributing to Kjj and 7T^, respectively. 

Now, for 577(3) there could in principle be a further differential d§. All we know is 
that this is a group homomorphism 

d 5 : El -> /7 3 8 (4.12) 

and therefore of the form d$(u) = suj for some integer s. 
Then in the AHSS 

Kjj = ©j odd^ = ©j odd^s = M4) 
= ©j even^L = ©j even^ = Z k /(Imd 5 ) 

There are no extension issues in passing from the associated graded to the full K- 
theory because the associated graded is concentrated in a single cyclic group, for a given 
parity of the grading. Therefore we conclude 

K° h = Kl = Z k/s (4.13) 

for some s which divides k. Since d§ is unknown, s is unknown. In fact, the results below 
show that d$ is nontrivial. 

One can also approach the problem using the six-term Meyer- Vietoris sequence for 
X-theory, but the most obvious decompositions lead only to ( |4.13| ). 

9 GM would like to thank I. Brunner, G. Segal, and V. Schomerus, for discussions on such 
computations for SU(n) groups, and their comparison to WZW models during August 2000. Very 
recently M. Hopkins has computed Kh(SU(N)). His result shows that the higher differentials are 
all nonzero. We describe his result, and our interpretation of it, in section 8 below. 
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4-4- Branes in SU(3): The physical computation 

Let us now consider the computation from the physical approach, as summarized by 
the two conditions (A) and (B) of the introduction. 

We begin with the computation of Kjj, which is a refinement of the odd cohomology. 
The Poincare dual of £5 is an SU (2) subgroup, and H restricts to a nontorsion class. 
We cannot wrap branes on this cycle. The Poincare dual of x 3 can be represented by the 
submanifold M5 of symmetric SU(3) matrices, as discussed above. Implementing condition 
(A), the cancellation of global anomalies requires 

[H}\ W + W 3 (W) = (4.14) 

where W is the brane worldvolume. As we have stressed, W${Ms) is not zero so, if H = kx 3 
then the condition (|4.14j ) becomes 

r(kW 3 + W 3 ) = (4.15) 

where r is the number of times the worldvolume is wrapped. Thus we find that if k is odd, 
there is no extra condition on r, while if k is even then r = modulo 2. In the IIA theory 
in a spacetime with Xg = SU (3) x IR we should think of these as D6 branes. They wrap 
the 5-cycle W in SU (3) and the line. 

Now let us implement condition (B) from the introduction. In this case D8 instantons 
wrapping SU(3) x R violate D6 brane number by k units, as discussed above. We therefore 
conclude that the physical picture coincides with K-theory if 

Let us now consider the computation of Kjj, a refinement of the even cohomology of 
SU(3). The even degree cohomology groups of SU(3) are H° and H 8 . The Poincare dual 
of 1 G H° is all of SU(3). Again, H restricts to a nontorsion class and we cannot wrap 
branes on this cycle. Let us consider H 8 . These correspond to .DO-branes in IIA or Dl 
branes wrapping Hi in IIB. In any case, there is no question of global anomalies, but we 
must worry about the effects of D-instantons. For definiteness we will focus on the IIA 
interpretation. 

First, we have the familiar story: D2 instantons wrapping the SU(2) subgroup violate 
DO charge by k units. However, when k is even there is another interesting instanton. As 
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we have stressed, M5 is not Spin c so, if k is even, we cannot wrap a D4 instanton on it. 
Let us do so anyway. Then there is a global anomaly, due to W${M$). We can cancel this 
global anomaly by adding a D2 instanton that ends on a 2-cycle £2 C M5 whose homology 
class Q2 = [£2] i s Poincare dual (in M 5 ) to Ws(M 5 ). Such a cycle is not a boundary in 
M 5 , but can be bounded in SU(3). Let us choose such a boundary W3 C SU(3) with 
9W3 = Ti2- This chain is anomaly free and constitutes a new type of D-instanton that 
appears when k is even. 

We now claim that the new D-instanton wrapping W3 U M5 in fact violates DO charge 
by k/2 units. This follows from the remarks around ( f4.5|) . Recall that the Maurer-Cartan 
form £3 ~ Tv(g~ 1 dg) 3 , vanishes identically on M5 as a differential form. Moreover, the 
PD of W 3 (M 5 ) in M 5 can be represented by the cycle E 2 = S 2 defined in (|OD . This 
2-sphere divides the SU(2) subgroup of SU(3) into hemispheres D + U _D_ and we may 
choose W3 = D + in the above discussion. But such a D2-instanton violates DO charge by 
k/2 units! In this way we conclude that if K-theory is to match physical expectations then 
we must have 

K° Hi SU m) = {%? z HZ ,4,7) 



5. Symmetry-Preserving branes in WZW models 

There is a large literature on D-branes in WZW models. A partial reference list 



includes pT| - pl| . Here we briefly review and extend the picture which has emerged, and 
comment on its relation to our discussion. 



5.1. Boundary states and conjugacy classes 

The WZW branes which are best understood are those that can be described by 
boundary states \B)) e 7-^ closed satisfying the boundary conditions 

(j n + u(J)- n ^\B)) = neZ (5.1) 

where uj is an automorphism of the affine Lie algebra. Here J n are the modes of the 
left-moving currents and J n are the modes of the right-moving currents. Boundary states 
with uj = 1 are called "symmetry-preserving branes." (However, any choice of u leaves an 
unbroken affine Lie algebra symmetry.) 
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In what follows we will assume that we are working with the diagonal modular invari- 



ant 



n 



closed 



(5.2) 



Here the sum is over the irreducible integrable representations V\ of the affine Lie algebra 
based on a simple Lie algebra g. The notation V indicates the right-moving component 
and k is the level of the current algebra. 

One constructs boundary states with good sewing properties using the Cardy theory. 
To begin, we construct the character states, or "Ishibashi states." Choosing u> = 1, the 
character state \X))i is labelled by A G P+, and simply corresponds to the identity operator 
under the isomorphism V\ ® V£ = Hom(V\, V\). The Cardy states are expressed in terms 
of character states as 



c 



E 



Sou 



\*)h 



(5.3) 



where 5^,, is the modular S- matrix and are the character states. 

The Cardy states \X))c have a beautiful geometrical interpretation, valid at large k: 
They correspond to branes wrapping certain regular conjugacy classes of the group familiar 
from the theory of the Verlinde formula p2] , p3| , p^j25[] . More precisely, these are the regular 
conjugacy class 0\ >K of the element exp[27ri(A+p) -H/ (k+K)] G T. For examples in level k 
SU (2) theory the branes wrap conjugacy classes of trace 2 cos x with x = 7r (2j + l)/(«+2). 
For SU(N) we label representations by Dynkin indices A 
The conjugacy class is the conjugacy class of 



X^Li^A;, with J2a l < k. 



exp 



2ni 



(k + N) 



(A + p) ■ H = exp 



2ni 



N-l 



I 



(k + N) 



£(a< + l)(e 1 + --- + Q-^l) 



i=i 



(5.4) 



where e\ = en is the I th matrix unit along the diagonal. 

The above geometrical picture may be justified by a straightforward generalization of 
the computation of appendix D of see also [^5|. We review the argument briefly. By 
the Peter- Weyl theorem an orthonormal basis for L 2 {G) in the unit Haar measure, for any 



compact group, is given by the matrix elements of unitary irreps: a/ 'd(\)D* L (g) where 
d(X) is the dimension of the representation A. Therefore, a well-localized closed string 
state is 

\g)= E *-^ w,K V^^M\*>w*) ( 5 - 5 ) 
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This is to be regarded as a state in 7-^ closed made from vertex operators. The exponential 
regularizing factor is meant to suppress large representations, which correspond to "giant 
gravitons," rather than well-localized closed string states. 
The modular S'-matrix satisfies 

XxM (5.6) 



S\,o 



where, for compact, connected, simply-connected groups G, K = exp[27ri£±£]. Therefore, 
we have 

(<7|A»c = ^e-^^/ K v^(A)^xl^)XA(%) (5-7) 



Moreover, for k — > oo 

d(X). (5.8) 



S\,o 



Sqo 

Hence branes are localized^ on the conjugacy classes 0\ >K of the special elements h\. 

Another way to justify the geometrical picture has been described by Felder et. al. in 
||25|1 . Among other things, these authors show that the algebra of boundary operators for 
boundary conditions \X))c becomes the algebra of functions on G/T in the large k limit. 

Since 7^ closed i s a representation of Gl x Gr, we may act on the boundary states 
to produce new states Pl(9l)pr(9r)\X))c- It is clear from the above computation that, 
geometrically, these states correspond to branes wrapping the rotated classes ghOx^dR- 
They satisfy boundary conditions of the type ( |5.1| ) where ui is an inner automorphism. 

5.2. Flux stabilization 



m 



The above picture of D-branes raises a puzzle first pointed out, and resolved, in |27 
the case of G = SU (2). The conjugacy classes 0\^ K are homologically trivial in G. Since D- 
branes carry tension one would expect the branes to be unstable to shrinking. Nevertheless, 
analysis of the open string channel (in the superstring) shows that the branes are stable. 



As pointed out in ]27] , this paradox is resolved by recalling that the brane can carry a 
topologically nontrivial line bundle. In the present case there is a Chan-Paton line bundle 
L (i.e. the brane is singly wrapped) which has ci(L) = A + p, where we identify H 2 (G/T; Z) 



10 If we measure the position of the brane with fundamental string states then we can only 
determine the position to within a string length. Translated into uncertainty in the coordinates 
in the maximal torus we find 6i{j > 4j. One can also try to measure the branes using D-branes 



themselves, i.e., using the DKPS [p2| limit. See [26] for further discussion of this point. 
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with the weight lattice. Therefore [F/2ir] is nontrivial, and consequently terms of the form 
j F A *F increase as the radii of O decrease. This increases the energy of the brane, and 
balances the force due to the tension of the brane. 

In appendix A we justify the above statements in detail by showing that the compu- 
tation of pTj can be extended to higher rank groups. 



5.3. Blowing up DO branes 

We will now review the "blowing up phenomenon" in the WZW model. We are 



reviewing here the work of pl|,p6|,p7|,[2g 



Let us suppose the WZW model for G a compact, connected, simply connected Lie 
group is a factor in the conformal field theory of a type II string compactification. Let 
us consider a system of iV DO branes in the group. It seems clear that the Cardy state 
corresponding to the identity representation, A = 0, should be a DO brane. We can see this 
from the shape computation, as well as from the open string spectrum which is that of a 
single DO brane. It is reasonable to assign to this state DO charge one. By putting together 
N of these states it is obvious that we can have configurations with charge N. What is 
not so obvious is whether they can form a bound state. This problem was analyzed in the 



context of the Kondo model by Affleck and Ludwig [^T[ . What they found is the following. 
They started with N DO branes and they considered giving a small non-commutative 
vacuum expectation value to the DO brane coordinates. The DO brane coordinates are 
N x N matrices. Affleck and Ludwig chose these matrices to be eS a where S a is an 
N x N irreducible representation A of G. This amounts to introducing the boundary 
interaction J dteS a J a (t, a = 0) in the string worldsheet. This interaction is marginally 
relevant [^TJ. At low energies the boundary field theory flows to a new boundary fixed 
point and therefore a new conformally invariant boundary condition. Affleck and Ludwig 
argued that the resulting fixed point is the Cardy state associated to A. From an analysis 
of the DBI action one can estimate the time for this decay to be of order AT ~ ^/k for 
natural initial conditions. 

We summarize the Affleck- Ludwig argument here. Consider an open string stretching 
between one DO brane and N DO branes. The boundary interaction described above results 
in a perturbation to the Sugawara Hamiltonian AH = ^Ylnez^ a ^n wriere S a represent 
the N x N generators of g on C . Let us assume that this representation is V\ = C N 
with A G P+. Affleck and Ludwig observe that for the special value e* = the currents 
Sn '■= Jn + S a a l so form a Kac-Moody algebra which acts on (Vt_ ® C ), where V^_ 
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is the A = representation of the J a current algebra. This product space is isomorphic 
to a highest weight representation with respect to the current algebra. Indeed, the 
representation of is isomorphic to Vk where A is the image of A in the level k Weyl 
alcove under the affine Weyl group. This last statement can be proved using the relation 
between the fusion product and the cabling of Wilson lines in 3d Chern-Simons theory0. 
This shows that the open string spectrum for a string stretched between a single DO brane 
and the state resulting after the decay of N DO branes agrees with the expected open 
string spectrum between a DO brane Cardy state and the Cardy state labeled by A. Using 
a similar construction one can show that one can reproduce the open string spectrum 
between Cardy states labeled by A and A'. 

This argument has simpler incarnations in some limits. In the large k limit and for 
a relatively small number of DO branes 1 < iV < \fn one can describe the process via 
the Myers effect [|35[], see [ p6| , p3| for further discussion. On the other hand, if 1 \[k -C 



iV C k, we can describe the resulting Cardy state in terms of a single D-brane wrapping 
a conjugacy class with a suitable U(l) line bundle as in the flux-stabilization mechanism 
described above. 

The Affleck-Ludwig argument is readily generalizable to string field theory, this is 
most obvious in BSFT. 

5-4- Worldsheet supersymmetry 

It is important for our considerations that we are working with the M = 1 supersym- 
metric WZW model. In this case a GSO projection can make the D-branes stable. Also, 
they become orientable and a D-brane charge can be defined. 

The Kondo model renormalization group flows generalizes readily to the supersym- 
metric WZW case as we now show. The supersymmetric current algebra is [p6|,|37|,p8| : 



I a (z)I b (w) ~ ^ + ifjf-^-L + ... 

(z — w) z z — w 

I a (z)Mw) ~ if ^ c{w) + (5.9) 
z — w 

lp a (z)lp b (w) ~ H 

(z — W) 



11 One studies the Hilbert space Tt of the Chern-Simons theory on a disk with a source in a 
representation A at a point P in its interior |34| |. 7i is determined as a product of V^_ on the 
boundary of the disk and V\ at P, or as 7i = V; at the boundary. 
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Note {Q, ifi a } = I a and {Q, I a } ~ difj a . As is well-known, one can define decoupled currents 
J a = I a + -^fabc^b^c which satisfy a current algebra with level 

K = k-h (5.10) 

where h is the dual Coxeter number. The level that should be used in the K-theory analysis 
in section 4 is k. 

In the Kondo model we use the supersymmetric perturbation f drS a I a (a = 0,r). It 
is easy to think about the flow as deforming the supercharge by S a tfj a . At the infrared 
fixed point we can apply the Affleck-Ludwig trick again to J a — > J a + S a . Therefore, the 
fermionic part of the boundary state is unchanged and the flow is effectively only in the 
bosonic part of the state, although the fermions and the bosons do not decouple along the 
renormalization group trajectory. 

5.5. Assigning DO charge to the symmetry-preserving branes 

We now consider the problem of assigning a K-theory class to the explicit conformal 
field theory boundary states discussed in the previous subsections. 

There are two ways to associate a DO charge to a collection of DO-branes in the level 
k WZW theory. First, one can simply compute the integral f fe e F+B appearing the the 
standard WZ coupling of D-branes. This leads to quantum dimensions, a puzzling result, 
which we will not try to address in this paper. 

A more straightforward approach is simply to invoke the blowing-up phenomenon 
described in section 5.3. It is natural to try to define the DO charge of the Cardy state 
labeled by A to be the dimension of the representation A, denoted d(X). Note, however, 
that at fixed k there are only a finite number of integrable representations. We therefore 
assume that the DO charge is torsion and is given by d(X)modn(K, G) where n(7c, G) is an 
integer depending on k and G. It is clear from the existence of D2 instantons wrapping 
the SU(2) subgroup of G that the DO charge will be /c-torsion. (Recall that k and k are 
related as in ( |5.1C| ).) However, as we saw in section 4, there can be more subtle instantons 
arising from branes wrapping higher dimensional homologically nontrivial cycles which 
nevertheless violate DO charge. We will now describe the result for n(n, SU(N)). 

To begin, let us consider the case of G = SU(2). The classes 0\^ K correspond to 
g = exp[zxn-cx] for \ = 7tZ/(k+2) where 1 = 1,..., k+1. Together with I = 0, corresponding 
to no DO branes at all, this suggests a charge group Z K+2 = Z^. 
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Unfortunately, this simple argument does not generalize to higher rank groups. A 
formula for n(/c, SU(N)) was proposed by Fredenhagen and Schomerus |HJ based on the 
renormalization group flows in the Kondo model |21[|, as reviewed above. We will now offer 



an alternative derivation. Our argument is also based on the validity of the blowing-up 
hypothesis. Our argument is very similar to an argument given in |H| . 

We will use the left x right rotational GxG symmetry mentioned at the end of section 
5.1. In particular, we consider the simple action of rotating the conjugacy class by the left 
action of an element of the center z G Z(G). 

Now, the center of G may be identified with a subgroup of the group of automorphisms 
of the extended Dynkin diagram of G |3£|[|0|. The center of G rotates orbits, while the 



automorphisms of the extended Dynkin diagram act on the integrable level k representa- 
tions. The two actions are related by zO\ >K = Oy iK . In particular, for SU(N) one easily 
checks the identity 

e W [—^-(\' + p)-H]=zae W [—-(\ + p)-H}a- 1 (5.11) 

Here z = e~"^\^ generates Z(SU(N)), while cr is a permutation matrix taking ae^cr -1 = 
€i + i (corresponding to the Coxeter element of the Weyl group). The transformation A — > A' 
acts on Dynkin indices as 

N-l N-l 

X=J2 a * A * -> ( K - a *) Al + alA2 + ■ • • + a N - 2 \ N -!. (5.12) 

i-l i=l 

This is the standard action of the Z^ outer automorphism of SU(N) on weight vectors 
and it generates the spectral flow transformations. 

Now, if one considers the action of z G Z(G) on the Cardy states, one finds that 
z\\))c corresponds to the rotated conjugacy class zO\ jK , as well as to the state lA'))^- To 
prove this we use the property of the modular S'-matrix |]39|,[i0 



Sa V = Sx^e- 2 ™^ (5.13) 



where Ai is the fundamental representation. The phase on the right hand side of ( |5.13| ) is 



2iri 



precisely the action of rotation of left-movers by e n when acting on the Ishibashi state 

Now, a rigid rotation of a brane cannot change its DO charge. Therefore, we require 

d(X') = (-l) Ar - 1 rf(A)modn(K, G). (5.14) 
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The origin of the relative sign is the following: The orientation of a brane wrapping a 
conjugacy class rotated from 0\^ K by z and a brane wrapping a conjugacy class 0\' )K 
resulting from blowing up DO branes might differ. Since the Coxeter element is a product 
of (— l)^ -1 reflections the relative orientation beteen the rotated and the blown-up brane 
differs by this factor. 

It is not difficult to show that if two generic conjugacy classes in G = SU(N) are 
related by rotation O = O'g then g 6 Z(G), and hence ( |5.14| ) (and its spectral flow 
descendents) are the only conditions we should impose. 

The equation (|5.14| ) is a nontrivial constraint on ti(k, G). For SU(2) we have d(j) = 
2j + 1 so 

2 (tt - J) + 1 = -( 2 i + l)modn(K) (5.15) 

leading to n(«) = k + 2 = k. For SU(3) we have d(X) = \{a + 1)(6 + l)(a + b + 2) 
for A = (a, 6), while and A' = (k — a — 6, a). Then d(X) = d(A')mod ti(k) determines 
ti{k) = k + 3 = k for k even and = (k + 3)/2 = k/2 for k odd. For general iV we 
reproduce the answer of Fredenhagen and Schomerus: 

k 4- AT 

nfcSI/W) = gcd{a, := + A,)} = gcd(K + ^ Lc m (l , 2, . . . , - 1)) ^ 

Remarks: 



1. The detailed connection to the argument in |33[ is the following. They consider the 



representation kX±. This has SU(N) fusion rules 

«Ai x A, = (kAi + A,) © ((k - l)Ai + A< + i) (5.17) 
and SU(N) K fusion rules 

kAi x A, = ((«-l)Ai + Ai +1 ) (5.18) 
If one identifies the "charge group" as Z x where x is the smallest integer such that 

d(«Ai)d(Ai) = <Z(((k - l)Ai + A l+ i))modx (5.19) 



then one finds |3^], x = gcd(a^), with = d(nXi + Aj). To connect to our argument 
one proves the identity 

N-l 

J2(-lYai + (-l) N d(KXi) = -l (5.20) 



i=l 



25 



by using Weyl's product formula. It thus follows that d(«Ai) = (—1)^ 1 moda;, so 
( g3g ) becomes (|7Lj). 

2. It is important to realize that in a charge group not all charges need be realized, and 
some charges might be realized more than once. The reader need only compute the 
charges <i(A)mod n(n, SU(3)) for k = 2 to see some examples. 



6. WZW branes from outer automorphisms 



The branes defined by the boundary condition (|5.1| ) have been investigated in |25|,p3 
These branes wrap twinned conjugacy classes associated with the automorphism u. Here 
we comment on these branes, mainly to facilitate comparison with our computation of 
K}j(SU(3)) in section 8. 

6.1. The shape of the symmetry-preserving boundary states for outer automorphisms 

Let us focus on the case of the outer automorphism u c of SU(3) given by complex 
conjugation. By ( |5.1|) the representation of the zeromode algebra must be such that Xl = 
A^. Since we are working with the diagonal modular invariant theory, the weights must 
also be related by A^ = A^ to exist in the closed string spectrum. Therefore the allowed 
representations A are the symmetric weights with Dynkin labels (n, n), n = 0, 1, . . . , [/c/2]. 

According to [|30| , |2"5H there is a natural basis of solutions to flSTT] ) given by "twinned 
character states" (or Ishibashi states) |A))^ C which are defined such that 

?(((b,b)\ql iH+il) \(a,am = <Wx ( 6,&) (?c) 
i(((bMQl iH+ ^\(a,a)))j=5 a , bX ^ b) ( qc ) 



where are the "twinned characters" of [31]]. For explicit expressions, see [|31| J 30|j , and 
references therein. 

The corresponding "Cardy" boundary states with good sewing properties are obtained 
using a modular transformation matrix S^ b (for A = (a, a),/i = (6, b)) given by 

s ^=^m m[ * r <«+3) ] (8 - 2) 

(For k odd this is the S-matrix of an SU(2) theory at level [k/2].) Explicitly, 

\(a,am = J2 1(6,6)))? (6.3) 
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We can now measure the shape of the branes |(a, a)))£ by taking the overlap with a 
well-localized closed string state. We parametrize elements of SU (3) as 

cos 9 sin 9 
g = h\ -sin# cos# 1 h tr (6.4) 



then we have the overlap 
where we have defined an angle 



1 



/ ,, v U w sin20(a + 1) 

(9\(a,a)))^= g . n20 (6.5) 



1 + 2 cos = — cos 9 =>- cos = — (cos -9) 2 (6.6) 

The necessity for this change of angles lies in the difference between a diagram automor- 
phism and the complex conjugation automorphism. 
At large k we find 

3 [k/2] 

<</l(a, &)»c ~ -At E sin « 6 + W sin « 6 + 

Sm ^ &=o (6.7) 



Aperiodic 



(20 -Va) 



sin 20 

where ^ = 27r(d + 1)/(k + 3) and we have dropped overall numerical factors. 

Thus, geometrically, the branes ( |6.3| ) are branes wrapping the twinned conjugacy 
classes 

O u {t) := {hth' 1 '* : h G SU(Z)} = {hth tr : h G SU(3)} (6.8) 
for t G T^, where we have the maximal torus 

(cos 9 sin 9 \ 
-sin# cos# } 
l) 

Note that the manifold M5 of section 4.2 is just the twinned conjugacy class of the 
identity. From ( |6.7|) we see that the branes corresponding to the boundary states |(a, a)))^ c 
wrap twinned conjugacy classes localized at discrete values of 9, whose values can be read 
off from ( |6.7| ) and ( |6.6|) . For generic 9 the twinned conjugacy classes may be identified 
with the 7-dimensional homogeneous spaces of the form SU(3) /U(l). They are S 2 bundles 
over the twinned conjugacy class of the identity, M5. lil 



12 



It can be useful to view these as ordinary conjugacy classes in the disconnected component 



of Z2 k SU(N). See [41| for several relevant results on these classes. 
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6.2. Spectrum, wrapping number, and gauge bundle on the twinned branes 

The cohomology groups in ( |4.7| ) show that we cannot put topologically nontrivial 
Chan-Paton line bundles on M5 , hence we do not expect any further superselection sectors 
for branes in SU(3). 

Using the above boundary states and passing to the open string channel we can 
examine the spectrum of the "twinned brane." Unitarity of S^ b shows that the unit 
operator appears once. 

Let us consider the masses and wrapping numbers of the twinned branes. From 
conformal field theory we can compute the mass of the twinned brane relative to a DO 
brane: 

which behaves correctly as a function of k in the sense that for a -C k we have a 5- 
dimensional object but for a ~ n we have a 7-dimensional object. 

On the other hand, using equation B.5 of the appendix we see that an L-times wrapped 
brane on M5 has a mass 

£ '<f» 5/24 # 2 "» 3 (^F-r 5/2 ^ <6 ' 10) 

where the last factor in the right hand side is the D-brane tension. We thus conclude that, 
for a<K the wrapping number is 

L = 2a + 2, (6.11) 

and is always even! On the other hand, for a ~ k/2 we must rewrite sin(27r^ii) = 
sin(7r K ~ 2a + 1 ) from which we conclude 

L = K~2a + l a^n/2 (6.12) 

If k is even then we can set a = k/2 — n, n = 0, 1,2 and the wrapping number is 2n + 1, 
and always odd. If k is odd then a = — n and the wrapping number is L = 2n + 2 
and always even. 

Let us now compare these results on wrapping number with the considerations of 
section 4. We start with the bosonic string. Here a necessary condition for being able to 
wrap branes is equation ( |1.1| ) without the W^W) term [f|||. In our case [-H]|w = in 



H 3 (W, Z) translates to kL g 2Z. Therefore, for k even all values of L are allowed, while 
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for k odd only even values of L are consistent. This is exactly the result found above in 
the conformal field theory. 

Turning to the superstring, we must recall from ( |5.1C1| ) that k = k + 3 determines the 
cohomology class of H = dB. This shows that the parity of k (used here) is opposite to k. 
Bearing this in mind and adding back the W^W) term, which is not present in the bosonic 
string, we again find the condition kL G 2Z. Again, we see a perfect match between results 
of the conformal field theory and the implications of the topology discussed in section 4. 

The K theory considerations are based on anomaly cancellation and the requirement 
that exp[z J E -B] must be well defined for worldsheets ending on the brane. Even though 
the anomaly can only be seen at the level of torsion cohomology classes, the boundary 
state "knows" about it. We find this somewhat remarkable. 



7. Parafermionic branes 

Boundary conditions of the type ( |5.1| ) construct rather special branes, preserving a 
full current algebra symmetry. There are many other branes in WZW theory one can 
construct by generalizing the methods of [|15|| . (See also the works of Fuchs and Schweigert 
et. al.) Here we will only sketch the theory of these branes, leaving a detailed analysis for 
another occasion. 

Given the WZW chiral algebra A(G) it is natural to choose a maximal torus T C G 
and form the parafermionic chiral algebra A(G/T). This may be defined by the coset 
construction with respect to the level k torus chiral algebra A(T). The latter is obtained 
as follows. We begin by bosonizing the currents in the maximal torus: 

H i {z) = -i^d z (j) i i = l,..., r (7.1) 

where r is the rank of G. The scalar </> has periodicity 

</> ~ <j> + 2tv^Q (7.2) 

where Q is the root lattice of G. The full chiral algebra A(T) is extended by the vertex 
operators 

expfzv^ct ■ 4>] a G Q (7-3) 
The representations of A(T) are generated by 

exp[i—=n -(f)] ix G P (7-4) 
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where P is the weight lattice of G. The characters of these representations are level k 
theta functions K)M /?7 r . The label fx on representations is subject to fx ~ fx + kQ. Thus 
the representations are labelled by P/kQ. For SU(N) this has cardinality Nk t . 

There is now a straightforward procedure for producing the A{G)/A(T) := A(G/T) 
coset model. The characters are obtained from string functions defined by: 

XA (r,z) = £ «^r)?HM (7.5) 

For G = SU(N), the parafermionic representations are subject to a Zj^ selection rule. 
A — fx G Q, as well as a Zn identification from the outer automorphism of the Lie algebra 



(A, fx) ~ (A',fx + k\i) where A — > A' is defined in (|5.12|) . 

The finite group V = Q/kQ acts as a group of global symmetries on both the G/T 
theory and the T theory, with (3 G Q/kQ acting as 

(7.6) 

If we take the orbifold chiral algebra with this action we obtain the original G WZW chiral 
algebra, (A(G/T) ® A{T))/T = A(G). Therefore one can form branes in the G WZW 
theory using branes from the parafermionic theory. The advantage of this viewpoint is 
that we can construct new branes which do not have simple boundary conditions in terms 
of the currents. Ill 

For example, the symmetry-preserving branes are of the form 

|A))g = J^ £ \A^))M)c (7.7) 



However, now we can form the "B-type branes" in the language of ||15|| . For example, one 
can now perform T-duality with respect to the various U(l) currents in the A(T) theory. 
For example, let G = SU(N + 1) and consider the embedding SU(N) x U(l) ^ ^(N + l) 
where U(l) corresponds to the generator H = — ^====Diag{l, . . . , 1, — A^} of the Lie 

algebra. Performing T-duality with respect to the current H N (z) we get 

\m G = ,b- J2 |A,A*»c|A*»o (7-8) 



13 It might be interesting to understand whether these boundary fixed point theories are of use 
in the multi-channel Kondo problem. 
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here \h))q is a state in the A(T) theory. It is A- type with respect to the first (N — 1) 
currents and S-type with respect to H N (z), and only depends on (i — («at • h)\n- 

To see that (|7.8| ) is a qualitatively new brane we will sketch the shape computation, 
showing that it can be a {2N + 1) -dimensional object in G. The state (|7.8|) satisfies 
boundary conditions: 

(JZ + Jl n )\B}} = aesu(N) 

7.9 

(H»-H» n )\B)) = 

(but does not satisfy simple boundary conditions with respect to the remaining currents). 
Let us now work infinitesimally and consider the "shape computation" for group elements 
g = 1 + Yltj=\i z ^ e N+x,j — z^ej^N+i) + ■■■ where z J are complex numbers and eij are 
matrix units. We would like to show that the overlap with the Cardy states (g\\ : £i = 
0))^ is independent of z 3 ' . To show this, note that the zero mode part of the "B-branes" 
necessarily have H^\B)) = Hq\B)) = 0. Now, in any SU(N + 1) representation A if 
H N \fi L ) = H N \fj, R ) = 0then 

( a W +a^) N (fiL\pA(e j>N+1 )\^ R } = {n L \ PA {[H N ,e^ N+l ))\ m ) = (7.10) 

' G 

This shows that (g\k))Q is independent of z J , to first order in z J . It is important to 
include higher order terms in z 3 , but we will not do this here. 

We conjecture that, at least for some A, the brane described by ( |7.8| ) wraps a homo- 
logically nontrivial cycle in SU(N + 1) transverse to the SU(N) subgroup. This cycle is 
explicitly the union of conjugacy classes: 

W2N+1 = U 56 st/(Ar+i),,6C/(i)^Diag{^" 1/Ar , ■ • • , z~^ N , z^^jg- 1 (7.11) 

This is also the set of unitary matrices of the form g^ = z~ x l N (5ij + (z — l)viVj) where Vi 
is a unit vector in C N+1 and z G U(l). It is the image in SU(N + 1) of a continuous map 
5" 1 x CP N — > SU(N + 1) which factors through the unreduced suspension. 

8. Comparison with K-theory 

8. 1 . The result of M. Hopkins 

Here we describe the result of a recent computation of M. Hopkins. As we have 
mentioned, SU(N) is rationally a product of odd spheres S 3 xS 5 x---x S 21 ^ -1 . Branes 
cannot wrap a homology cycle with S 3 as a factor, because of the if-flux, but they can 
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wrap all other cycles (sometimes, we require finite multiplicity, as we have seen). This 
picture of D-branes in SU(N) at level k suggests a charge group 

(Z/d k>N Z)®A z [w 5 ,...,W2N-i] (8.1) 

More explicitly, the charge group is 

Z dkN © Z dk N w 5 © Z dk N w 7 © Z dk N w 9 © Z dk N wn © Z dk N w 5 w 7 © • • • (8.2) 

One can identify the u>i with branes wrapping the primitive homology cycles of dimension i, 
generating the homology of SU(N). The result (|8.1|) for the -fTff-homology of SU(N) has, 
in fact, been obtained recently by M. Hopkins f4"2]] , using a standard cell decomposition 
of SU(N) |43|1 , together with the Meyer-Vietoris sequence. The cells are given by the 
construction in ( |7.11j ). 

The computation of Hopkins leads to the formula 

^=«^C)'G)--( w -i)i- (a3) 

In appendix C we show that this expression coincides with the expression found by Fre- 
denhagen and Schomerus, remembering that k = k + N 

d k , N = n(K,SU(N)) (8.4) 

In order to compare with the K-theory formalism we must use the supersymmetric SU(N) 
WZW model at the level k, defined by the coupling to the B field in the worldsheet 
Lagrangian with supersymmetric fermions. 

8.2. Comparison for SU (3) 

The result of Hopkins confirms our computation of K^(SU(3)) in section 4.4. More- 
over we have constructed branes corresponding the different K-theory classes in this case. 

In particular, using the results of section 6, we can give a picture for the branes con- 
tributing to the classes in Kjj(SU(3)). These are branes wrapping the twinned conjugacy 
classes O w . As we noted above, these are S 2 bundles over M5. Since SU(2) intersects 
M5 transversally we can interpret these branes as wrapping M5, but blown-up along the 
transverse SU(2) into a bundle of S 2 's over M 5 . 
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8.3. Comparison for SU(N) 

We have not generalized the computation of section 4 to SU(N), but this is in principle 
possible. 

The symmetry-preserving branes described in section 5 account for the first term 
in (|S.2|). Branes associated to the outer automorphism of SU(N), wrapping twinned 
conjugacy classes, might carry other K-theory charges but clearly are not numerous enough 
to fill out the full set of K-theory classes predicted by ( |3.1| ) . 

We conjecture that applying T-dualities to the parafermionic branes in SU(N) will 
lead to representatives of all the K-theory classes. 

9. Discussion 

A potentially fruitful open problem is that of formulating a definition of the group of 
"charges" of (all) branes and fluxes allowed in string theory and M-theory. This charge 
group would help to distinguish the different homotopy classes of collections of branes 
and fluxes. By "homotopy classes" we mean we identify brane configurations related to 
one another by continuous deformations of parameters, e.g., continuously deforming the 
position of a D-brane, or the gauge fields on a D-brane. etc. 

The present paper offers one approach to this problem. In broad terms the group of 
components should be the group of homotopy classes of anomaly-free brane configurations 
modulo equivalence relations imposed by dynamically allowed effects. 

This "physical definition" of a group of components cannot fail to be right, but it is 
also not very precise or useful. We can make it more precise by focusing on D-branes at 
weak coupling. Then we have seen in this paper that the charge group can be viewed as 
a "quotient" of classes of anomaly-free configurations of branes by identifications by D- 
instanton effects. This philosophy offers, perhaps, an alternative route to the definition of 
K-theory, or of the appropriate notion which will replace K-theory when one is not working 
at zero string coupling. It is possible that all the essential physical effects determining D- 
brane charges have already been discovered. If this is so, then this approach to a precise 
mathematical framework for D-brane charges has a reasonable chance of succeeding. 
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Appendix A. Flux stabilization at higher rank 



In this appendix we describe a generalization of the computation of [27|] to higher rank 
groups. For some steps we specialize to G = SU(N), but this restriction could probably 
easily be eliminated. 

A.l. Some volume computations 

In order to compare energies we will need volumes of groups and homogeneous spaces. 
We restrict attention to G = SU(N). 

If we identify T e G with the Lie algebra g of traceless, N x N antihermitian matrices 
we will take the metric in this section to be 

g(X,Y) = -Tr N (XY) IjGg. (A.l) 

Put differently, we choose the metric 

ds 2 = -Tr N [{g- l dg) ® (g^dg)]. (A.2) 

Volume of SU(N) 

We now compute the volume of SU(N) in the metric ( |A.2|) . Consider SU(N) / SU(N — 
1) = S 2 ^ -1 . We relate the local coordinates of S 2 ^ -1 and SU(N) via 

g = l + iy N Diag{e, . . . , e, 1} + ^(^e iJV - z l e Ni ) H (A.3) 
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at g = 1. (Here e = —1/(N — 1). ). Here we are thinking of S 2N 1 as the solutions to 
E^i \A 2 = 1 and z N = x N + iy N . 

In these coordinates, the group metric ( |A.2|) becomes 



N 



ds 2 = 2j2 [(dx') 2 + Wf] + j^idy") 2 (A.4) 



While ( |A.4j) is not the round metric on the sphere it does give the invariant volume 
form on the sphere, up to an overall multiple. By left invariance we can compute this 
factor at the identity coset. Therefore, in the metric (|A.2|) we have 



vol(SU(N)/SU(N-l)) = p-i^HKS—) = /^fg 

(where we have embedded SU(N — 1) SU(N) with index 1). 
Therefore 



v6L{SU{N)) = ^(2v)W N+1 '>- ' 



2tt v ' 1!2!3! • • • (JV - 1)! 

In particular, 

vol(SU(3)) = IVs(2tvY° 



2 



This checks against a formula in the literature [|4| , which was worked out in a slightly 
different way. 

Volume of G/T 

The map G/T x T ^ G is (generically) an AH-fold covering. We compute the volume 
of T = t/^l)^ -1 by taking standard orthonormal generators 

Hj = V^l 1 :Diag[l, . . . , 1, -j, 0, . . . , 0] 

VJU + 1) 

so the range of angles is < 6j < yj{j + l)2n. Therefore 

vol(T) = (N — l)!v / iV(27r) Ar " 1 
So vol(G/T) = jV!vol(G)/vol(T) gives 

vol(G/T) = iV(2 7 r)^- 1 ) i!2! ^ ( 1 iv _ i)! (A.5) 
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One can rewrite this in a way that holds for all Lie groups. The positive roots are 
e; — ej for N > j > i > 1. The fundamental weights are 



. N 

I 



A» = ei + --- + ei-— J2 e J 



The Weyl vector is: 



From this one computes 



so we can write 



N 1 

p = £2 (JV_(2j '~ 1))e ' 



JJa-p = l!2!---(JV-l)! 



a>0 



27T 

vol(G/T) = A" TT — — (A.6) 

a>0 P 

One important subtlety is that the above is the metric on the space of left cosets 
gT. In our application we are interested in the adjoint group acting on the Lie algebra 
gXg~ l . Since the center of the group acts trivially we should compute the volume for 
G = SU(N)/Z N . This gives 

2-7T 

vo\(G adj /T) = J] (A.7) 

A. 2. Flux stabilization at higher rank: Evaluation of the DBI action 

We will work with SU{N). The rank r = N — 1. The number of positive roots is 
± = \N{N-1). 

We now choose coordinates 

g = k(9)~ 1 t(x)k(9) (A.8) 

where x are coordinates along the Cartan torus, and 9 are angular coordinates along the 
space G/T. To be specific, we introduce a Cartan- Weyl basis 



[Hi, Hj] 


= 






[Hi, E a ] 


= a l E a 






[Ea,Ep] 


_ f E a+f 3 


a + (3 is a root 


(A.9) 


lo 


otherwise 




[E a ,Ep] 




a = (3 




lo 


otherwise 
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where the notation is that a, (3, . . . label positive roots and a := —a etc. are the negative 
roots. We are also normalizing the generators so that 



TriHiHj) = S i:i 

(A.10) 

Tr(E a Ep) = 5 a , p 

Finally we set t(x) '■= exp[i% m il m ] which are good coordinates transverse to the adjoint 
orbit O x of exp[ix ■ H] in G. Moreover we define 

dkk' 1 = 6 a E a - 9 a El + ip l H,. (A.ll) 

The 1-forms 9 a span a basis of holomorphic (1,0) forms on O x in the natural complex 
structure on G/T induced by a choice of simple roots. Using 

g - x dg = k~ x dk - (tk^dkk-^tk) + k- l {t- x dt)k 

and a little algebra one can show that the 2-form 

b = E (x™« m - sin (x-« m )) o a a e a (A.i2) 

n 1 a>0 ^ ' 

precisely reproduces 

xs = ^Tr N {g- l dgf = db (A.13) 

in an open neighborhood of the identity in a compact Lie group G. 

To get normalizations straight, note that if H = dB is an integral class and F/ (27r) is 
an integral class then the worldsheet path integral looks like 



exp[z / 2nB + F] 



So we should have : 

^ + B = A£ sin(x . a A^ ( A . 14 ) 



for F = k ^2x' a 9a 2 At>a ■ Note that flux quantization restricts x = 2n(X + p) /k, as expected. 



In the parametrization ( A.S| ) the orbit has metric induced by ( |A.2| ): 



Tr N {g- l dg <g> g^dg)^ = 4 ^ sin 2 (^a • X ){0 a <g> 8 a + 6> 5 ® d a ) (A.15) 



2 

Q>0 
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As described below, the standard group metric (|A.2| ) should be rescaled by k/2 so 



a>0 



g + 2n(F + 2nB) = 2k^ 
and hence we get: 



sin 2 (-a-x){O a ®0^ + e 5i ®e a )+i-siiva- x(0 a ® 0« - B & ® a ) 

(A. 16) 



d 2A ^det [(7 + 27^ + 27^)] = (2A;) A (J]sinia- X )vol(G' adj /T) (A.17) 



a>0 



where vol(G at y /T) is the volume form for the adjoint orbit G a dj/T C g in the metric ( |A.2| ). 
Now, we have shown that wrt the metric (|A.2j ) the volume of G a dj/T is 



n 

a>0 



2tt 
a ■ p 



(A.18) 



and so we get: 



f Vfet(g + F + B) = {2k) A (H sin \a ■ x ) ]J 

J°x a>0 a>0 



2tt 



(A.19) 



Remarks: 

1. Notice that the sin factors come in the first power in ( |A.17|) . This is to be contrasted 
with Weyl's formula for integrating class functions: 

/ f(g)dg = I fit) J] sm 2 (^« • (A.20) 

JG JT a>0 I I 

which implies that 

v/det^ ~ ( J] sm 2 \ol ■ X ) ^ (A.21) 

a>0 

The flux-stabilization mechanism effectively takes a squareroot of the volume! 

2. The flux on this orbit is 

a>0 

In the cohomology of G/T this is ci(£a+p) for the line bundle £\+ p — > G/T one 
encounters in the Borel-Weil-Bott theorem. 
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A. 3. Comparison with the CFT expression 

The normalization of the Minkowskian action for SU(N) level k WZW theory is 

S = ^L ^y^iiff^dxg) 2 + (g-'dyg) 2 } + 2nk J x 3 (A.23) 

Since the action is j^jG fJily dX^dX l/ and we are taking a' = 1 we have metric on the 
group SU (N) given by 

g = -^ N {g- l dg <g> g'Hg) (A.24) 

for SU(N). 

Now we must multiply ( |A.19| ) by the tension of the D-brane, which is l/(27r) 2A , (in 
units with a' = 1). To avoid confusions with string coupling and the normalization of the 
Newton constant, we actually will just compute the ratio of the mass of the brane to the 
mass of a DO brane with A = 0. The net result is 



mass of D — brane on O x 



k A (l[sinla-x)i[— (A.25) 



mass of DO — brane A A 2 A A ira ■ p 

a>0 a>0 r 

Let us now compare this with the exact expression from conformal field theory. For 
SU(N) we have the formula: 

on i = — = — sin 7r — — — A. 26 

°' A VN(k + NY/* Al \ k + N J 1 } 

Note that Soo ~ k~^ dimG . Therefore, the mass of the Cardy state \X))c is 

.a-(\+p) 



Sill 7T 



Energy(\X)) c ) Sox n V k+N j , , 

Energy(\0}) c ) S 00 ^ . ( «. p 

a>U sin 7T — 

° m 1 " k+N 



For k ^> N we can expand the denominator in ( [A. 27 ) to obtain 



a>0 ^ a>0 V 7 



Comparison with ( |A.25|) shows that the leading /c-dependence fits perfectly with the inter- 



pretation of a brane wrapping G/T once. 



14 We have also left out the boundary states for the fermions. These introduce extra factors of 
y/2, but again cancel out of the ratio. 
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Appendix B. Volume of M 5 

B.l. Integrally-normalized left-invariant forms 

All traces in this section are in the iV of SU(N). We know that 

X3 = - oTT 1 ^" 1 ^) 3 ( R1 ) 

is the integral generator of H 3 (SU (A); Z). In general the spherical class in iT2k+i(SU (AT)) 
is k\ times the primitive generator of H2k+i(SU(N)) for A in the stable range P5| , |^6| , ^7| . 
Using this and the ABS construction one can find the integral normalization of the higher 
traces. In particular we have the integral class 

x 5 = ^-^—Trig-'dg) 5 (B.2) 

In the coordinates 

g = exp^tfx + id 2 H 2 + J2( z »E a ~ z a E a )} (B.3) 

a>0 

we find near the identity 

Tr^" 1 ^) 5 = -^d6 1 (d 2 z 1 d 2 z 2 + d 2 z 1 d 2 z 3 ) 
v 2 

15i 

H ■=d62(d 2 z\d 2 zs — 2d 2 Z2d 2 zs — d 2 z\d 2 Z2) 

\/6 ' ' " (B.4) 

15 

-=d6 \dQ2(dz\dz2dz?, — dz\dz2dz 3 ) 

v3 

+ Tvp 5 

where d 2 z := dz A dz. Here p = dz a E a — dz^E^- 

Now, since x$ restricts to the left-invariant unit volume form on M5 we can compare 
with that induced by the metric ( |A.2|) . From (|B.4j) we get 



X5\m 5 = - , f o K , ^7=d6 1 d6 2 dy 1 dy 2 dy3 



whereas the Haar measure in the metric (|A.2| ) is \/8d9id9 2 dyidy2dys- From this we deduce 



that the induced volume on M5 C SU (3) is 



vol(M 5 ) = ^\/3(27r) 3 (B.5) 
v2 
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Appendix C. Proof of an arithmetic identity 

We would like to prove that 

k 



gcd(Mcm(l,2,...,iV)) 

is the same as 



(C.l) 



god[(*YrY. ..,[*)] (c.2) 



Consider the prime divisors of k and of 1, 2, . . . , N. For each prime p and integer n 
write n = p v p^n' where n' is relatively prime to p. We will compare the prime powers in 
( |C.1|) and (|C.2|) and show that they are the same. 

We consider 3 cases: 

1. If v p (k) = then both factors obviously have p°. 

2. If v p (k) > and v p (k) > v p (j) for all j = 1, 2, . . . , N then note that 

^ - k k ' 2 k ~ {j ~ 1} - ±~(1 - k)(l - k/2) •■■(!- J^—) (C.3) 



J/ J 1 2 j-1 j j-1 

The first factor has p y p( k )~ v p(ti while the others are of the form 1 + ^positive^ an( j 
coefficients of pP osltlve are fractions whose denominators are prime to p. Therefore v p ( ( .) ) = 
v p (k) - v p (j). 
Now 

min (v p (k) - v p (j)) = v p (k) - max (v p (j)) 

j=l,2,...,N j=l,...,N 

= Vp(k) -mm[vp(k), max (v p (j))] 

3 = 1,. ..,N 

establishes the identity. 

3. Finally, suppose that for some j < N, v p (j) > v p (k) > 0. Clearly, there is a j' < j 
with Vp(j') = v p (k). We claim that for this j' we have v p (( h ,)) = 0. This again follows 
from (|C.3| ) together with the observation that every j" < j' has v p (j") < v p (k). Therefore, 
for such primes the power of p in ( |C.1|) and (|C.2|) is p°. 

Thus O is equal to ([02]) 4 
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